In this work we revisit axial perturbations of spherically symmetric and non-rotating neutron stars. Although it has been object of many studies, it still offers new insights that are of potential interest for more realistic scenarios or in the study exotic compact objects, which have drawn much attention recently. By using WKB theory, we first derive a new Bohr-Sommerfeld rule that allows to investigate the quasi-normal mode spectrum and address the inverse spectrum problem. The pure analytical treatment of the wave equation is rather involved, because it requires the solution of the TOV equations and the non-trivial tortoise coordinate transformation depending on the underlying space-time. Therefore we provide an easy way to construct potentials that simplifies the analytical treatment, but still captures the relevant physics. The approximated potential can be used for calculations of the axial perturbation spectrum. These results are also useful in the treatment of the inverse problem. We demonstrate this by reconstructing the time-time component of the metric throughout the star and constraining the equation of state in the central region. Our method also provides an analytical explanation of the empirically known asteroseismology relation that connects the fundamental QNM and radius of a neutron star with its compactness.
I. INTRODUCTION
Neutron stars are among the most versatile and extreme objects being studied in modern physics. These ultra compact stars confront and join different fields of modern physics, ranging from nuclear and particle physics in their center, up to gravitational and mathematical physics to describe their space-time. With the groundbreaking rise of observational gravitational wave physics using sensitive gravitational wave detectors as LIGO and Virgo [1] [2] [3] [4] [5] , there are novel ways to extract information about these objects in addition to electromagnetic observations. The characteristic oscillations of neutron stars, which are going to be measured with increasing precision in the future, can be used in asteroseismology to reconstruct their properties. Along with their typical masses and radii, there is even more interestingly the prospect to constrain the still unknown equation of state in their central regions. It is obvious that the full problem is extremely complicated and not traceable with analytical methods only. Rotation and the absence of axial symmetry lead to complicated coupled system of equations and non-linear effects call for state of art numerical relativity techniques to simulate oscillating neutron stars, which can currently only be done on short time scales. The unique reconstruction of the underlying equation of state by matching simulations to current and future observations is one of the biggest open problems in neutron star physics, but in reach with current and future gravitational wave detectors.
In the present work we follow a semi-analytic approach, which does not aim to solve the full problem, but to focus and enhance our understanding of the theoretical minimum. The minimum, but still physically reasonable setup, is to study linear perturbations of spherically symmetric and non-rotating neutron stars within general relativity. In this case one finds two types of perturbations, the so-called axial and polar ones. The axial perturbations decouple from the fluid perturbations, which simplifies the analytical treatment, and are therefore the ideal starting point for such studies.
The first study of non-radial oscillations of neutron stars within general relativity traces back to the seminal work of Thorne and Campolattaro in 1967 [6] . Since then, extensive efforts have been made to describe and understand these oscillations, among them are pioneering works by Lindblom and Detweiler [7] , as well as Chandrasekhar and Ferrari [8] . Another work demonstrated that the coupled oscillations of fluid perturbations inside a star with space-time perturbations itself, can produce new types of oscillation modes [9] . Studying such simplified models is rewarding, since they allow for a better understanding of the more complicated problems. Different types of spacetime oscillations have been found in various works [10] [11] [12] [13] . The response of neutron stars to small perturbations introduced by test particles or ingoing radiation has first been studied in [14] [15] [16] . The new kind of modes, named w-modes, that appear in ultra compact systems are exposed to renewed interest in the study exotic compact objects, which could be alternatives to black holes and potentially indicate quantum gravitational effects on the horizon scale. We refer to [17] [18] [19] for classical reviews and more recently for exotic compact objects to [20] . Relating axial and polar perturbations to the unknown neutron star equation of state has also first been studied systematically in the 90's [21] [22] [23] [24] , which is related to the field of gravitational wave asteroseismology. A lot of work has also been done in a series of papers by Lindblom [25] [26] [27] [28] [29] , who studied the inverse problem for the stellar structure of neutron stars. His approach is not based on the QNM spectrum itself, but on the assumption that the mass radius curve for many neutron stars will be estimated from future observations. Axial perturbations of spherically symmetric and non-rotating compact objects, although describing strongly idealized situations, are still among the most commonly studied systems. The reason being that they allow the application of semi-analytic methods that deepen our understanding of the theoretical minimum of the corresponding system. As a result, this can potentially be useful to highlight interesting new physics that are then studied with more refined physics. This is the case for new types of exotic compact objects, such as gravastars, boson stars, and wormholes, or as well if one seeks to study the gravitational wave dynamics in alternative theories of gravity, which impose additional physical and technical difficulties. See [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] for some models that fall into those categories.
This paper is structured as follows. In Sec. II we derive a new Bohr-Sommerfeld rule that will fit to our type of potential. Its implications for the axial quasi-normal mode spectrum is then discussed in Sec. III, before we use it to address the inverse spectrum problem in Sec. IV. The results we obtain from applying the previously derived methods to constant density stars and polytropes are found in Sec. V. These findings are then discussed in Sec. VI. Our conclusions are presented in Sec. VII. The appendix VIII shows the details for some of the calculations carried out in the main paper. Throughout this work we set G = c =h = 2m = 1.
II. THE BOHR-SOMMERFELD RULE
The classical Bohr-Sommerfeld rule is a simple but powerful tool for analytic or semi-analytic calculations of the spectrum of bound states E n in a given potential well V (x), which are described by two classical turning points and appear in the one-dimensional wave equation. Its simple form is given by
with n ∈ N and (x 0 , x 1 ) being the classical turning points defined by E n = V (x). It can formally be derived by using the WKB method and as well be extended to different types of potentials with more turning points, see [41] [42] [43] [44] for some overview. As it is well known in the literature [17, 18] , the study of axial perturbations of spherically symmetric and non-rotating stars leads to the one-dimensional wave equation
where ω 2 n ≡ E n are the corresponding eigenvalues, the so-called quasi-normal modes (QNMs). V (r) is an effective potential being characteristic for the underlying type of object and given by
with density ρ(r), pressure P(r), integrated mass m(r) and metric function g 00 (r) = exp(2ν(r))). The factor L ≡ l(l + 1) originates from the decomposition of the metric perturbations into tensor spherical harmonics. In the study of gravitational perturbations, the relevant radial coordinate, in which the wave equation takes the simple form shown in eq. (2), is called the tortoise coordinate and it is connected with the usual Schwarzschild coordinate r via the relation
where the transformation from r to r * depends on the metric functions g 00 and g 11 . We expand on this relation in Sec. III. The typical axial perturbation potential for neutron stars admits only one classical turning point and the spectrum is complex valued. As a consequence, the classical Bohr-Sommerfeld rule in eq. (1) is not applicable. The QNM spectrum of black holes, which is described by a two turning point potential barrier in the non-rotating case, has been investigated with a generalized Bohr-Sommerfeld rule involving integration on the complex plane [45, 46] . Note that in the case of ultra compact stars and exotic compact objects, three or four turning points potentials are possible. Such potentials admit a new family of semi-trapped modes [12, 13] , whose real part can be described to good accuracy with the classical Bohr-Sommerfeld rule, while a more complete generalization has been studied [47] [48] [49] [50] [51] [52] .
To determine any type of QNM spectrum, appropriate boundary conditions are required emanating from the specific physics of the problem under study. The common ones used for neutron stars are regular solutions at the center and purely outgoing waves at infinity. The perturbation potential of a neutron star with mass M and radius R with R/M ≥ 3 can qualitatively be described by a purely repulsive potential that diverges at the center of the star and falls off proportional to ∼ 1/r 2 far away from the object. We show such a potential in Fig. 1 , where x acts as tortoise coordinate, for which the divergence is shifted to x = 0.
The type of axial perturbation potentials being studied in this work. It appears for simple neutron star models. The potential admits a discontinuity ∆V at the surface. As we demonstrate in Sec. II A, the real part of E n can effectively be approximated as bound states inside the star.
For stars with constant density or solid crust, V (x) has a discontinuity at the surface, which plays an important role for the QNM spectrum. The role of discontinuities in the potential has been investigated and pointed out in different works that are related to the QNM spectra of compact stars and black holes [53] [54] [55] and has implications for the significance of QNMs as well as the completeness of the obtained solutions to describe arbitrary perturbations.
In the following subsection we outline the derivation for the new Bohr-Sommerfeld rule. The interested reader can find the full derivation in the appendix VIII A.
A. Outline of the Derivation
The derivation of the new Bohr-Sommerfeld rule can be summarized as follows. The typical potential shown in Fig. 1 is split up into one internal region x ≤ x s and one external region x s < x. We write the standard WKB solution for Ψ(x) separately in the two regions and demand that the Wronskian at x = x s vanishes. This condition, together with the QNM condition of purely outgoing waves and regularity at x = 0 determines discrete eigenvalues, if the potential is discontinuous at x s . Using this procedure yields the complex valued equation
where V 1 (x s ) and V 4 (x s ) are the values of the potential on each side of the discontinuity and n = (0, 1, 2, . . . ). It is well known for neutron stars that high eigenvalues grow linearly in the real part, but seem to saturate for the imaginary part. Under this condition one can further simplify the above relation. Assuming a much larger real than imaginary part for E n , as well as ∆V << E n , one can expand eq. (5) into one equation for the real part E 0n and a second one for the imaginary part E 1n
The relation for the real part looks similar to the classical Bohr-Sommerfeld rule for potential wells, while the second equation predicts a logarithmic scaling for the imaginary part. In contrast to the classical Bohr-Sommerfeld rule, our type of potential admits only one classical turning point x 0 (E 0n ) and the upper limit of integration is constant, which followed from the purely outgoing QNM boundary condition. The similarity between both Bohr-Sommerfeld rules is in contrast to the underlying type of potential. This result shows that the real part of the QNMs E n = ω 2 n are closely related to the bound states of a potential well contained inside the star, with an infinitely high barrier at the surface.
III. DIRECT SPECTRUM PROBLEM
In this section we investigate the new modified Bohr-Sommerfeld rule eq. (6) and its implications for the axial QNM spectrum of neutron stars.
A. General Implications
The new Bohr-Sommerfeld eq. (6) rule allows to draw some straight forward conclusions about the QNM spectrum. Since the upper turning point always coincides with the surface of the star, and it is known that the potential diverges in the center, the domain of integration for high eigenvalues is confined on a range given by
which we call the tortoise radius of the star. For high eigenvalues one can therefore expect a potential independent scaling of the kind 1
This spectrum looks qualitatively like the one of the infinite box potential with width R. It is also straightforward to see that the spacing of the real part of ω n = √ E n should become constant and scale like
Exactly this scaling has been found for the asymptotic high frequency behavior of axial and polar modes in [55] by using an alternative WKB analysis. In the same work, it was also shown how discontinuities in the derivatives of the potential can affect the QNM spectrum. In contrast to our result, no Bohr-Sommerfeld rule has been reported, but a direct approximation for high eigenvalues. We want to emphasize that the modified Bohr-Sommerfeld rule eq. (6) can also be applied to lower eigenvalues. In addition, it is very versatile for analytic studies related to the inverse spectrum problem, because it can be inverted to constrain the potential from the QNM spectrum. The appearance of R instead of R calls for two comments. First, for less compact stars, both scale similar and the difference is only logarithmic. Increasing R corresponds to increasing R. This situation has been discussed in the literature [56] and one might thinks of R as quantitative correction. Second, the more compact the object is, the stronger is not only their quantitative difference, but also their qualitative behavior. Going to very compact objects, which means decreasing R (fixed M), changes the behavior and results in increasing R at a critical value, which depends on the equation of state (because the tortoise transformation given by eq. (4) inside the star depends on it). We discuss this observation in detail in Sec. V C 2 and appendix VIII B, where we also introduce a linear relation for the tortoise transformation r * (r) that turns out to be very useful for normal neutron star compactness.
B. Universal Relation
In the literature it is well known that the real part of the fundamental axial QNM follows a simple universal scaling that can be described as
where (A, B) are constants whose numerical values do not follow from first principles. Such a linear behavior has been reported for polar and axial QNMs [22, 23] . This has been done for neutron stars using different equations of state, in general relativity, as well as alternative theories of gravity [57, 58] . The explanations for the scaling are of qualitative character, e.g. the coupled string toy model presented in [9] or considering the modes to be trapped in the star, due to the space-time curvature and being partially reflected at the potential discontinuity that appears at the surface [56] . The new Bohr-Sommerfeld rule can improve the situation a bit and we can provide a more satisfying reason for the scaling. Since the QNM spectrum is obtained from integrating the potential inwards, starting at the surface, one would expect that the real part of the fundamental QNM should be close to the surface value of the potential. Unfortunately our Bohr-Sommerfeld rule is not able to find a precise value for the fundamental QNM. The derivation of the rule only applies for QNMs that are related to the region above the discontinuity, but does not allow to make any conclusion of possible QNMs that exist around this value or below. On the other hand, one can argue that the value of the fundamental mode Re(ω 2 f ) should also not be too far away from the value of the potential at the surface, because one knows numerically that the eigenvalues of the spectrum follow a systematic pattern. Since one might not trust the WKB method in this delicate situation, we have have treated the internal and external potential regions with two potentials that have the right asymptotic 1/r 2 behavior for small and very large values of the tortoise coordinate, and might be matched smoothly or discontinuously at the surface. Applying the standard QNM conditions along with the Wronskian at the surface, one finds an involved equation, which however, can be solved numerically once the parameters of the model are provided. With this approach we can locate the fundamental QNM that is found numerically, but is missing within the Bohr-Sommerfeld rule. We can confirm that its real part is close to the surface value of the potential. Making the identification that it should correspond to the value of the Regge-Wheeler potential at the surface, the predicted universal scaling between the fundamental mode and the compactness M/R follows directly and is given by
which is functionally closely related to the empirical relation eq. (10). In the linear case and assuming that √ E f ≈ Re(ω f ), the functional form coincides. We show results for this prediction in Sec. V B.
C. Approximate Potential
One major difficulty in the pure analytic treatment of the perturbation problem is that the simple form of the wave equation only appears in the tortoise coordinate. Making explicit use of it is almost impossible, since it is related to an integral over the metric functions g 00 and g 11 , which for most equations of state can only be obtained numerically by solving the TOV equations. In this section we show how the perturbation potential can be simplified significantly, without affecting the spectral properties to a good precision. To do so we make use of three things. First, for the compactness of normal neutron stars, the tortoise coordinate transformation can be approximated very well with a linear function and is explicitly known, once R has been obtained. Second, only the first few QNMs correspond to the region of the potential far away from the center. Especially the internal classical turning point of the asymptotic part of the spectrum is located very close to the center. Third, in the central region one can expand all functions that appear in the potential and keep only dominant terms. Details for these approximations and calculations are provided in the appendix VIII B and VIII C. Making use of all three observations allows one to write the wave equation explicitly in a shifted 2 tortoise coordinate u * in the very simple form
where ν 0 , ν 2 , ρ 0 and P 0 come from the expansion of the metric potential ν(r), defined via g 00 = e 2ν(r) , the density ρ, and the pressure P, in the center of the star. We provide details of the expansion in Sec. VIII C. For central potentials one can use the Langer correction [44] to push the precision for small l, which means to replace the factor L = l(l + 1) with (l + 1/2) 2 . Applying the new Bohr-Sommerfeld rule eq. (6) to the potential eq. (12) yields
It can either be solved for E 0n numerically for a given value of n or be expanded for high eigenvalues. The latter one predicts a polynomial behavior
From this it is straight forward to see that the scaling for very high eigenvalues is to leading order as expected from eq. (8) . Especially the relation eq. (9) for the spacing of the real part of the QNMs ∆ω n = ∆ √ E n converges to π/R, as found in [55] . The results of this section applied to polytropes are shown in Sec. V.
IV. INVERSE SPECTRUM PROBLEM
In this section we discuss the inverse spectrum problem, which aims to reconstruct parameters of the source from the knowledge of the spectrum. It is split up in three parts. In Sec. IV A we first discuss the inversion of the new Bohr-Sommerfeld rule to find the underlying perturbation potential. The second part in Sec. IV B uses the results obtained from the approximated potential to reconstruct the fundamental parameters related to the potential. Finally, in IV C we show how the previously obtained results can be used to recover the g 00 component inside the star, and how the equation of state can be constrained.
A. Inverting the Bohr-Sommerfeld Rule
As it is known in the literature [59, 60] , the classical Bohr-Sommerfeld rule can be "inverted" to reconstruct the potential well from the eigenvalue spectrum E n . For pure potential wells, this two turning point problem can not be solved uniquely, unless one of the two classical turning points is known. Instead, infinitely many so-called WKB spectrum equivalent potentials exist [61] [62] [63] . All of them share the same width, defined as the difference of the classical turning point functions L(E) ≡ x 1 (E) − x 0 (E). Something similar is also true for two turning point potential barriers [64, 65] . In the case of three or four turning point problems, as they appear for ultra compact stars and exotic compact objects, a similar analysis can be found in [51, 52, 66] .
The inversion of the new Bohr-Sommerfeld rule eq. (6) is equivalent to its classical pendant shown in [59, 60] . The inversion yields the distance L(E) from the surface of the star r * R , which is the same for all E, to the internal turning point r * (E) as
where n(E) is the spectrum written as function of E. We use the lowest provided eigenvalue for E min , which corresponds to n(E min ) = −3/4. Once the discrete spectrum is provided, n(E) has to be interpolated. This introduces some non-uniqueness to the problem, but the spectrum is usually well behaved and different interpolations do not cause major differences. For more details we refer to the discussions presented in [51, 52] . This observation is in agreement with the integral character of the Bohr-Sommerfeld rule, which is "blind" to small deviations in the potential, if they average out between consecutive n. The associated turning point r * (R) at the surface of the star is uniquely determined from the external tortoise coordinate transformation if (M, R) are known. In this case, the perturbation potential inside the star follows uniquely from inverting eq. (17) for E, which can also be done numerically. Therefore, within the approximations being done to derive the Bohr-Sommerfeld rule, the perturbation potential is in principle explicitly known, if the QNM spectrum is provided. In Sec. V we show the results for the reconstructed potentials of constant density stars and polytropes.
B. Recovering Fundamental Parameters
The previously presented inversion of the Bohr-Sommerfeld rule transforms consecutive QNMs, starting from the fundamental one, to the potential. Because it was derived on rather general properties of the potential, it requires a precise knowledge of the spectrum, due to the involved interpolation. An alternative approach for applications in neutron stars, where additional properties of the potential can be imposed, is described in the following.
In Sec. III C we presented an approximation for the perturbation potential and showed its Bohr-Sommerfeld spectrum. Using this result it is possible to reconstruct the fundamental parameters of the potential (R,C 0 ,C 2 ) from the spectrum, if (M, R) are provided. Because the number of parameters is small, it is not necessary to assume that many QNMs are known. Since the Bohr-Sommerfeld spectrum is not exact, one expects that the reconstructed parameters differ slightly. As it is evident from the polynomial expansion of E 0n in eq. (15), one would expect that the parameters related to (A, B,C) might not be reconstructed equally well, since the precision of the underlying WKB method is more precise for high eigenvalues, where A dominates, and not very precise for small n, where C is important. Using n(E 0n ) to fit a given spectrum, instead of the polynomial expansion, yields better results and is given by
The reconstruction of (R,C 0 ,C 2 ) imposes stringent constraints on the underlying equation of state. It is highly unlikely that for fixed (M, R) two different equation of states, which are intersecting in the mass-radius diagram, will also agree for these reconstructed properties. While R is an averaged property obtained by integrating g 11 /g 00 throughout the whole star, C 2 can directly be used to obtain the g 00 component of the metric at the center r = 0. The knowledge of C 0 allows in principle to relate the central pressure as function of the central density. We show results for this in in Secs. V E and V F.
C. Recovering P(r) and ν(r)
In the previous section we have shown how the perturbation potential can approximatively be reconstructed from the QNM spectrum. As it was recently discussed in [67] , the knowledge of the potential has crucial implications for the stellar structure, which is described by the TOV equations. This system of equations is usually solved by integrating from the center of the star towards the surface, where the metric is matched with the external Schwarzschild solution. This requires the equation of state throughout the star, as well as the central pressure or density. Now, if the perturbation potential is known and used in the rewritten TOV equations, the stellar structure, as well as the equation of state can be determined by integrating the TOV equations inwards (assuming (M, R) are also known). Although our method allows to reconstruct the perturbation potential from the spectrum, it might turns out not to be precise enough for such a treatment and then requires a more refined study, which is beyond the scope of this work. Nevertheless, we are able to show that the equation of state in the central region can be constrained by assuming that (M, R) are known and ν 0 has been reconstructed to good precision from the spectrum, as described in the previous section. A close look on ν(r), obtained from the TOV equations for different neutron stars, suggests that the expansion shown in [7] could be a good approximation throughout the whole star, as long as there are no local effects. From (M, R) one can directly provide the metric functions ν R ≡ ν(R) and ν R ≡ ν (R) at the surface, by matching it with the external Schwarzschild space-time. Using the reconstructed value of ν 0 , one can directly deduce (ν 2 , ν 4 ), which imprint information of the equation of state in the central region
Once ν 2 is known, one has an approximation for the central pressure P 0 as function of the central density ρ 0 , as well as the pressure P(r, P 0 ) in the central region
Note that this reconstruction leaves some ambiguity, since it only allows to reconstruct a combination of central pressure and density, not their absolute values. However, it allows to approximate an upper limit for the central pressure, which appears for ρ 0 = 0, as well as an upper limit for the central density, which appears for P 0 = 0. They are given as
We show the results for the here discussed approach in Sec. V F.
V. RESULTS
In this section we present the results of the semi-analytic methods that were derived in the previous sections. In most cases we show two different polytropes and provide in some cases constant density stars as toy model for ultra compact stars. The basic parameters of the polytropes can be found in Table I . The precise numerical data for the QNM spectra is provided from a code first presented in [13] . The polytropic equation of state is defined as 
A. Calculating the Spectrum
In the following we compare the predicted spectrum of the new Bohr-Sommerfeld rule eq. (6) by using the approximated potential eq. (14) with precise numerical data. The left panels of the subsequent Figs. 2, 3 show the spectra of two different polytropes, each for l = 2 and l = 3. The relative errors are defined as usually and shown in the right panel of the same figures. As it is expected from WKB theory, the overall accuracy improves for increasing n. The approximated potential resembles the true potential more and more for large l, thus the precision also increases for larger l. It is surprising that the method provides quite accurate predictions even for small n and l where the performance of the method is worst. 
B. Universal Relation
Here we compare the proposed universal relation for the fundamental axial QNM eq. (11) with exact values for different compact stars. We recall that the distribution of numerical values around the empirically known fitting formula shows that the relation depends slightly on the equation of state and is not exact. For l = 2 we compare the empirical fit [23] with some examples for constant density stars, polytropes and the realistic equation of states used in the same work. Considering that the exact values are not exactly described by the empirical linear fit, our analytic estimate yields a good prediction and also takes into account the non-linear slope for large compactness, which is shown for constant density stars. This non-linear scaling with respect to the compactness, described in eq. (11), becomes more significant for higher l, both in our analytic estimate and for constant density stars. Overall, our relation slightly underestimates the true values. However, the estimate goes beyond the linear approximation, which was found only empirically in the literature [22, 23, 57, 58] , and explains that the fundamental axial QNM can be approximatively "identified" with the value of the perturbation potential at the stellar surface. [23] . The empirical fit for l = 2 (blue dashed), known from [23] , is shown with the corresponding realistic equation of state results (black diamonds) used in the same work.
C. Spacing of Modes
The π/R spacing of modes is an interesting property and was first found in [55] using another WKB approach. After we verify the asymptotic spacing of the polytrope QNM spectra by using numerical data, we show that the spacing of modes should first increase with increasing compactness, as it is known in the literature, but then shrinks again for ultra compact stars.
Test of the Constant Spacing
In Fig. 5 we verify the constant spacing relation ∆ω = π/R for high eigenvalues. The left panel shows the absolute numbers for two different polytropes, while the right panel contains the relative errors. For comparison we include the rough estimate π/R, which is known in the literature [56] for less compact systems. As it is evident, the π/R spacing of modes is by far only a rough estimate, the deviations compared to R are significant. Note that it predicts a larger spacing for Poly B compared to Poly A, while the opposite is true. Since the π/R estimate is valid for less compact objects, it is not surprising that it fails completely for compact objects. However, the π/R prediction is extremely precise fulfilled. The saturation of the relative errors is around 0.1 % for n = 30 and might indicate the precision for the high eigenvalues that were obtained numerically. Note that the spacing for the l = 3 modes is already around 0.1 − 1 % for n = 5. 
Predicted Maximum Spacing of Modes
As discussed in Sec. III A, we expect that the asymptotic spacing as function of R should have a maximum, because for fixed mass, R(R) is likely to have a minimum for very compact configurations. Verifying this expectation in a general case is not easy, since R depends on the solutions of the TOV equations, which have to be obtained numerically in most cases. However, for constant density stars, which can exist for any radius larger than the Buchdahl limit of R/M = 9/4, it can easily be confirmed. We show the explicit result for constant density stars in Fig.  6 . In this case one can analytically find the relation for R(R), which is shown in the left panel and follows from r * (r) derived in [68] . The right panel shows the predicted spacing for large modes, along with numerical data for different compactnesses. The asymptotic behavior for non-compact stars is already known in the literature as ∆ω ≈ π/R and was reported in [56] . The agreement in the ultra compact case is excellent and beyond the approximative nature that might be expected. The maximum value appears for R ≈ 3.86, which seems not to be related to any special physical property of the star or the potential. Trapped modes, for which the potential admits a quasi-bound region, start to appear for more compact stars. Note that the spacing alone can not be used to uniquely determine the compactness of a star, since there are two possibilities, but their fundamental modes are significantly different. 
D. Reconstruction of the Potential
By inverting the Bohr-Sommerfeld rule it is possible to reconstruct the internal perturbation potential once the spectrum is known. Here we show the results for an ultra compact constant density star and one of the polytropes. In the left panel of Fig. 7 we show the reconstructed potential for the constant density star with R = 3 M. The right panel of the same figure contains the reconstructed potential of Poly A. Deviations to the true potential are visible, but small. The steep rise at r * (0) is precisely captured. 
E. Reconstruction of R and ν 0 from the Spectrum
As introduced in Sec. IV B, one can use the analytic result for n(E) in eq. (18) to find the parameters (R, ν 0 ), as well as potentially P 0 = P(ρ 0 ), from spectrum fitting. Since the analytic Bohr-Sommerfeld result for n(E 0n ) does not include the fundamental mode, we start from the n = 1 mode, both for l = 2 and l = 3. Fig. 8 shows the reconstruction of R in the left panel, while the relative errors are provided in the right panel. In Fig. 9 we present the corresponding results for ν 0 . On the x-axis we report the number of used modes for the fitting of the spectrum. The relative errors for R decrease when more modes are included. This is expected since it appears as only parameter that determines the ∼ n 2 scaling for high eigenvalues. Something similar is initially found for ν 0 , however the precision for l = 2 drops again. Note that the overall accuracy, both for R and ν 0 , is crucially better for l = 3 modes compared to the ones for l = 2. This is in agreement with the previous results for the direct spectrum prediction in Sec. V A.
Although it is possible to fit the parameter C 0 within a few percent error for l = 3, it is not close to the true value, calculated from eq. (13) and the method thus fails to reconstruct a useful relation for P(ρ 0 ). Looking at the numerical values of (R,C 2 ,C 0 ), it turns out that C 0 is typically much smaller and contributes only to low eigenvalues, where the present method is least precise. However, note that (R, ν 0 ) are implicitly related to the equation of state through the TOV equations and our results thus still impose strong constraints on it. 
F. Constraining the Equation of State in the Center
Using the spectral fitting result for ν 0 of the previous Sec. V E allows one to approximate the equation of state at the center, as described in Sec. IV C. Although the approach is approximate, the actual reconstruction yields useful results, as we demonstrate in Fig. 10 . In the left panel we show the reconstructed value of ν 2 , while in the right panel the relation for the central pressure P 0 as function of central density ρ 0 is presented. For both polytropes we have used the l = 3 modes, since ν 0 obtained from the l = 2 modes has too large errors, as long as not many modes are included. We show the number of used modes in the reconstruction of ν 0 by using different dashed lines. Surprisingly, we find a quite good approximation if a small sample of modes is used, for both polytropes, while the asymptotic value is better for the less compact Poly A model. It does not converge to the right value for the Poly B model, but is still clearly distinguishable from the other model. From the reconstruction of ν 0 and ν 2 it is possible to approximate ν(r) throughout the whole star and P(r, P 0 ) in the central region. Our results for this are shown in the left and right panel of Fig. 11 for both polytropes. While the reconstruction of ν(r) is quite robust, considering the involved approximations, P(r, P 0 ) is only valid in the central region. The parameterization with respect to P 0 has negligible influence on the slope, but clearly shifts the absolute values. The relation for the expanded density ρ(r), as it was derived in [7] , also includes the adiabatic index, which introduces another unknown parameter to the problem, thus we do not consider it here. 
VI. DISCUSSION
In this section we discuss our previously shown results and their implications. Sec. VI A covers the direct spectrum problem, while Sec. VI B addresses the inverse problem.
A. Direct Problem
We start our discussion with the findings that are directly related to the precision of the Bohr-Sommerfeld description of the spectrum, before we continue with the universal relation of the fundamental axial QNM mode. The maximum value for the spacing of neighboring QNMs and the role of the discontinuity follow afterwards.
Accuracy of the Method
We have calculated the real part of ω 2 n for the QNM spectrum of different polytropes and constant density stars with the new Bohr-Sommerfeld rule derived in Sec. II. Using a linearized tortoise coordinate transformation and an approximation of the axial perturbation potential, we were able to derive an analytic formula for the spectrum eq. (18) and found a polynomial expansion for moderate and high eigenvalues eq. (15) . Keeping in mind the various approximations being made to derive this result and the approximations for the potential that was used in Sec. III, the method turns out to be a good approximation for the real part of the spectrum. Even low eigenvalues, for which the underlying WKB method and the approximated potential can not be expected to work reliable, are approximatively captured. The accuracy improves significantly for increasing n and l, which is expected from WKB theory and shows that our semi-analytic approach could be a powerful tool to determine very high eigenvalues, where numerical codes might face problems. For moderate n we find relative errors around ∼ 1 − 10 %, while this improves below 1 % for l = 3 and high eigenvalues. Since the method was derived for QNMs that are "located" above the discontinuity, it missed the fundamental mode, but works for all other QNMs.
Universal Relation
The universal asteroseismology relation for the fundamental axial and polar QNM, known empirically from [22, 23, 56] , has been motivated analytically for the axial case in Sec. III B. The proposed relation was compared with the actual QNMs of polytropes, constant density stars and gravastars in Sec. V B. Although the universal relation is only approximate, the analytical form provides a satisfying explanation of the scaling, since it relates the fundamental mode with the value of the Regge-Wheeler potential at the surface of the star, which is universal for all objects. The relation also includes ultra compact objects, which are effected by higher order corrections in M/R that also follow from our result. Since the relation does only depend on the star's mass and radius, it is blind to the details of the underlying equation of state, as long as they produce a star with similar mass and radius. As a consequence, only higher modes should embed details of the equation of state, since they correspond to potential regions inside the star that are sensitive to it. Following the integral character of the Bohr-Sommerfeld rule, it is evident that only higher modes, which are explicitly related to the potential inside the star, can in principle contribute significantly to the reconstruction of the detailed equation of state.
Maximum Spacing of Neighboring QNMs
The predicted spacing of moderate and large neighboring QNMs as ∆ω n ≈ √ ∆E n = π/R, has first been found in [55] using another WKB approach to approximate the high frequency regime of axial and polar QNMs. The spacing of modes is not only extremely simple, but also very precise throughout different polytropes and constant density stars. We have verified this result for our neutron star models by comparing numerically obtained QNM spectra with the predicted spacing. Afterwards, in Sec. V C 2 we have shown that the scaling also holds for ultra compact constant density stars being close to the Buchdahl limit. This has to be surprising since these potentials are qualitatively different. We recovered the known result that the spacing first grows (for fixed mass), if one considers increasingly compact stars, but then has a maximum at R ≈ 3.86, before it rapidly decreases again. We do not find any special properties of the star or the potential at this value. Trapped modes appear for more compact configurations. For general neutron stars, the exact position depends on the equation of state. This is because R depends on the integrated metric functions g 00 and g 11 , which have to be determined from the TOV equations. For the internal tortoise coordinate r * (r = 0) to take large negative numbers, configurations close or above realistic neutron star compactnesses are needed.
The Role of the Surface Discontinuity
The discontinuity of the perturbation potential at the stellar surface is necessary to derive discrete eigenvalues in our approach. Without the discontinuity, the surface of the star plays no special role and demanding outgoing QNM at this matching point is arbitrary. Although the potential of constant density stars and the ones of neutron stars with a crust are not continuous, the ones for polytropes can be. From this point of view one would not expect the Bohr-Sommerfeld rule to be valid, but the predicted QNMs are found with similar precision compared to constant density stars. Note that the expanded Bohr-Sommerfeld rule for the real part of E n does not explicitly depend on the discontinuity value ∆V , but the imaginary part of E n does. It depends explicitly on ∆V and diverges in the limit of a continuous potential. A detailed discussion on the importance of discontinuities in higher derivatives of the potential can be found in [55] , where also rapid changes of the equation of state close to the surface can be found and potentially be applied for further studies.
Here we also want to recall related results for the gravitational perturbations of black holes, where introducing small discontinuities in the potential changed the overall QNM spectrum significantly. In [53] the Regge-Wheeler barrier has been replaced by fitted step potentials with different numbers of steps, which extended earlier work [69] . It was found that the related QNM spectrum did not approach the exact one, when the number of potential steps being used was increased. The qualitative behavior of the obtained QNM spectrum is always much closer to the ones for neutron stars. Increasing the number of steps increased the density of QNMs, but not significantly their alignment on the complex plane. Somehow counterintuitive or at least remarkable, it was found that the timeevolution of scattered waves at the step potentials becomes close to the ones scattered at the exact potential. The actual QNMs only contributed weakly to the scattering. A more technical discussion on the significance of QNMs has been presented in [54] . The role of environmental effects around black holes lead in a related toy model to similar effects [70, 71] .
B. Inverse Problem
Here we discuss our results related to the inverse problem. We start with the reconstruction of the perturbation potential from the inversion of the Bohr-Sommerfeld rule, before we continue with the reconstruction of the fundamental properties by fitting our analytic result to the spectrum.
Reconstruction of the Potential
By inverting the new Bohr-Sommerfeld rule, we have shown that it is possible to reconstruct the internal perturbation potential from the knowledge of the QNM spectrum. The reconstruction is approximate and not exact, because of the underlying WKB method and approximations being involved. In contrast to the non-uniqueness inherited in the inversion of the classical Bohr-Sommerfeld rule for pure potential wells, the reconstruction of the internal potential for typical neutron stars turns out to be unique. This is because the upper limit of integration corresponds to the surface of the star and the problem reduces to the one turning point problem. The method recovers the internal potential by using consecutive modes and approaches the central region for high eigenvalues. In practice one will be limited by a finite number of modes, which means that the potential can only be known from the surface inwards close to the center. Fortunately it turns out that one approaches the central region quite fast, while large modes are only interesting for the region extremely close to the center. However, in the reconstruction procedure it was assumed that the QNM spectrum is known with pristine accuracy and other effects are neglected.
As it was pointed out recently in [67] , knowing the perturbation potential can be used to determine the equation of state and solve the inverse problem for the stellar structure. The here presented methods allows a simple, but approximate reconstruction of the potential. Whether its accuracy is sufficient for the suggested approach could be investigated in future work.
Reconstruction of Crucial Parameters and Metric Function
With the analytic result for n(E) eq. (18), which we obtained by applying the new Bohr-Sommerfeld rule to an approximated version of the perturbation potential, it was possible to reconstruct with very good precision two of the three parameters that describe the potential by fitting the exact QNM spectrum. Compared to the inversion of the Bohr-Sommerfeld rule, only a minimum number of three modes is required. The recovered parameters translate to the tortoise radius of the star R, as well as ν 0 , which is the central value of the metric function ν(r). By using the expanded version of ν(r), which was derived in [7] , we were able to approximate it to good accuracy throughout the whole star. Also we were able to approximate P(r, P 0 ) in the central region, which is not unique, but parameterized by the central pressure P 0 . However, the slope of P(r) is only slightly influenced by the choice of P 0 and can be clearly distinguished for both polytropes.
VII. CONCLUSIONS
In this work we have studied several aspects of the axial QNM spectrum of spherically symmetric and nonrotating neutron stars and used it to constrain their space-times and equations of state. We also motivated an analytic approximation being closely related to the empirically known universal scaling relation for the fundamental axial QNM. Some of our results even extend to ultra compact stars, which can be seen as a toy model for exotic compact objects.
By using standard WKB theory, we first derived a new Bohr-Sommerfeld rule which looks similar to the classical one for potential wells, but is modified by an additional imaginary part. In contrast to potential wells, the relevant potential for neutron stars admits only one classical turning point, which changes the problem significantly. We demonstrated how the new Bohr-Sommerfeld rule can be used to approximate the real part of the axial QNM spectrum of different polytropes with good precision. Especially for large n and l, where numerical codes might face problems, it could be of general interest.
Making use of several well justified approximations, we were able to show that the spacing of moderate and large neighboring QNMs has to be a constant, which our method predicts to be π/R, where R = r * (R) − r * (0) is the "tortoise radius" of the star, and coincides with the result reported in [55] . We have also concluded that this scaling predicts a maximum possible spacing, which depends on the radius (for fixed mass). For constant density stars this was shown explicitly. Furthermore, as a useful approximation in the study of the gravitational perturbations of normal neutron stars, we have demonstrated that the tortoise coordinate transformation can be approximated very well with a linear function. It only depends on the mass, the radius and the tortoise radius of the star and simplifies the perturbation equations significantly.
Even more interesting are the implications of our results for the inverse spectrum problem. The new BohrSommerfeld rule can be inverted to reconstruct approximatively the perturbation potential from a known spectrum and potentially be used to determine the equation of state throughout the star [67] . This approach requires the knowledge of many modes. As an alternative and more robust solution being tailored to the perturbation potential of neutron stars, we have also shown how a minimum number of 3 modes, for the same l, are enough to reconstruct fundamental parameters of the star. These are the tortoise radius and the value of the time-time component of the metric in the center. Both parameters can be obtained with good precision and play the dominant role in characterizing the spectrum. We were also able to approximate the time-time component of the metric throughout the whole star and provide a linear relation between central pressure and central density, which constrains any equation of state significantly. Future work in this direction will include a direct reconstruction of the underlying equation of state in these systems.
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VIII. APPENDIX
In this appendix we provide additional information about the new Bohr-Sommerfeld rule VIII A, the linear tortoise transformation VIII B and the approximated axial perturbation potential VIII C.
A. New Bohr-Sommerfeld Rule
In this section we outline the derivation of the new Bohr-Sommerfeld rule eq. (6). We start from the onedimensional wave equation
where E n = ω 2 n are the QNMs of the potential V (x). We assume that the potential diverges at x = 0 and has one discontinuity at x s > 0, where the potential drops by the constant
The standard WKB solutions left and right of x s can be written as
with
(A 1 , A 4 , B 1 , B 4 ) and (x 0,1 , x 0,4 ) are constants being determined by matching the solutions and initial conditions. The WKB solution ψ 1 (x) is not valid at E n = V (x), but it can be shown by using Kramer's relations, that the WKB solution in the classically allowed region, E n > V (x) can be written as
which is in agreement with a regular solution at x = 0. x 0,1 is the classical turning point where E n = V (x). The WKB solutions are not valid at the discontinuity itself. In order to nevertheless match the internal and external WKB solution, we find exact solutions of the wave equation eq. (23) on a small interval around the discontinuity and match them with the WKB solutions. On a small interval around the discontinuity, we can make a Taylor expansion of the potential, defined on the left and right of x s as
and stop at zero order, since this is the interesting property of the discontinuity and the interval can be made arbitrarily small. In contrast to the standard matching of WKB solutions with exact solutions on some finite interval where WKB is not valid 3 , the WKB solutions are valid arbitrary close to the discontinuity. By demanding the usual conditions that ψ(x) and ψ (x) are continuous throughout the discontinuity x s , one finds from the Wronskian
now evaluated in the limit x → x s tan
where V 1 (x) and V 4 (x) are the internal and external potential, respectively. We can make two comments. First, if the potential is smooth there are no solutions. Second, if the potential has a discontinuity there are discrete solutions, which are determined by
This relation looks like a modified Bohr-Sommerfeld rule for a potential well between (x 0,1 , x s ) with an additional imaginary part described by tanh −1 (φ ) and n ∈ Z. However, as we will argue in the subsequent section, there is a further restriction for this set that demands n ∈ N.
We can further simplify our result, by assuming that E n is either much larger than (V 1 (x),V 4 (x)) or that ∆V is small compared to E n . Both assumptions are valid for the asymptotic behavior of the kind of spectra that we are interested in. Thus one can approximate the argument of tanh −1 (φ ) and find
where we have used ∆V given by eq. (24) . We can further expand tanh −1 (φ ) in the case of ∆V E n and obtain
From here we see that for high eigenvalues E n , which correspond to large n, the rhs. of eq. (34) has a large real part, but the imaginary part only grows logarithmic. Thus, we expect that the complex eigenvalues for large n can be written in the form
with E 1n E 0n . Inserting this in the lhs. of eq. (34) and expanding the argument of the integral, we find two equations. The first one determines the real part E 0n
while the imaginary part E 1n follows from the second one
In the last step we neglected small contributions to E 0n that are related to E 1n . The turning point x 0,1 is with respect to E 0n and real, which simplifies the otherwise complex integration. Note that the real part E 0n is closely related to the classical Bohr-Sommerfeld rule. For an ordinary potential well, the phase of the classical Bohr-Sommerfeld rule is π(n + 1/2), for n = (0, 1, 2, . . . ). Since the integral eq. (36) is greater or equal to zero, it now follows that n ∈ N >0 . One can rewrite the phase
and start from n = 0 to match standard notation. In order to find E 1n , one first has to solve eq. (36) for E 0n and insert it into eq. (37). This is similar to the case of the Gamow formula for the transmission through a potential barrier.
B. Approximate Tortoise Transformation
The tortoise coordinate transformation r * (r) is essential in obtaining the simple structure of the wave equation that appears in the perturbations of spherically symmetric and non-rotating space-times. Although its details depend on the metric functions g 00 and g 11 via the integral r * (r) = r g 11 (r ) g 00 (r ) dr ,
it is possible to make some general remarks for stars that are not ultra compact. In this case the ratio in eq. (39) is approximatively constant inside the star and can be matched with the external exact tortoise transformation known from Schwarzschild. In the limit of M/R → 0 one finds r * ≈ r. Here we show, as an educated guess, how the tortoise transformation inside the star can be written as a linear function and demonstrate that it is an accurate description for polytropes and constant density stars, as long as one is not interested in compactnesses beyond normal neutron stars. The linear relation we propose is given by
with R = r * (R) − r * (0). Note that r * (R) = R + 2M ln (R/(2M) − 1) is the standard Schwarzschild result, which we use for matching at r = R. The relation in eq. (40) recovers the exact values of r * (r) at r = 0 and r = R. Its linearity makes it trivial to make explicit use of it in the perturbation equation, which then simplifies significantly. In Fig. 12 we show the accuracy of the linear approximation for the two polytropes studied in this work, as well as for constant density stars with different compactness. The result clearly shows that the linear approximation is a useful for analytical studies. 
C. Approximate Potential Calculation
Here we provide additional information for the derivation of the approximated axial mode potential in spherically symmetric and non-rotating neutron stars. As it was shown in [7] , it is possible to expand all functions that appear in the TOV equations as series for small r. The expanded relations for (ρ(r), P(r), ν(r), m(r)) are then given by
P(r) = P 0 + 1 2 P 2 r 2 + 1 4
ν(r) = ν 0 + 1 2 ν 2 r 2 + 1 4
where m(r) directly follows from ρ(r). In the same paper it was shown how the series coefficients are related to the equation of state for small r. For our application we need the relation for ν 2 , which is given as
for the notation g 00 = e 2ν(r) , while the factor is 8π/3 for g 00 = e ν(r) , as it was used in [7] . Inserting the series expansions into V (r) and ordering in powers of r, one finds 
Making use of the linearized tortoise transformation presented in appendix VIII B, it is possible to find explicitly V (r * ). To simplify further calculations we introduce a temporary coordinate u * , which shifts r * (0) to u * = 0. The wave equation does not change under such a coordinate shift and the resulting potential is given as
This potential can now be used in the new Bohr-Sommerfeld rule eq. (6) to obtain a simple relation for the spectrum n(E n ). The integration is straightforward and yields the result presented in eq. (14) .
